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1ÊÙSÈ�m
§9.1 SÈ�m½Â�Ä�5�

½Â. �V ´F þ��5�m, V × V �F þ�N�¡�V þ���¼ê

½Â. �V ´Fþ�5�m, XJ3V þk����¼ê( , )÷vXe^�:

(1) é?¿α, β ∈ V , (β, α) = (α, β)

(2) é?¿α, β, γ ∈ V , (α + β, γ) = (α, γ) + (β, γ)

(3) é?¿α, β ∈ V , k ∈ F, (kα, β) = k(α, β)

(4) é?¿α ∈ V , (α, α) ≥ 0, ¿�(α, α) = 0��=�α = 0

K¡��¼ê( , )�V þ���SÈ, äkSÈ��m¡�SÈ�m. �F´Eê��, V ¡
�j�m, �F´¢ê��, ¡V �îAp��m, ½{¡�î¼�m
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·K. �V �j�m�, Kéu?¿α, β, γ ∈ V , k ∈ C,

(1) k̄(α, β) = (α, kβ)

(2) (α, β + γ) = (α, β) + (α, γ)

(3) (α,0) = (0, α) = 0

y². (1) (α, kβ) = (kβ, α) = k(β, α) = k̄(β, α) = k̄(α, β).

(2) (α, β + γ) = (β + γ, α) = (β, α) + (γ, α) = (β, α) + (γ, α) = (α, β) + (α, γ)

(3) (0, α) = (00, α) = 0(0, α) = 0

íØ. �V �îAp��m�, Kéu?¿α, β, γ ∈ V , k ∈ R,

(1) (β, α) = (α, β)

(2) k(α, β) = (α, kβ)

(3) (α, β + γ) = (α, β) + (α, γ)
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~. �V = Fn, 3V þ½Â��¼êXe: éuα = (x1, · · · , xn)
T , β = (y1, · · · , yn)

T , ½

Â(α, β) =
∑n

i=1 xiyi = αT β̄, y²( , )´Fn�SÈ. (±�·�ò¡dSÈ�Fnþ�IOS

È).

y². (1) (α, β) = αT β̄ = αT β̄ = αT β̄ = ᾱTβ = βT ᾱ = (β, α)

(2) (α + β, γ) = (α + β)T γ̄ = (αT + βT )γ̄ = (αT γ̄ + βT γ̄) = (α, γ) + (β, γ)

(3) (kα, β) = (kα)T β̄ = kαT β̄ = k(α, β)

(4) (α, α) = αT ᾱ ≥ 0, ¿�(α, α) = 0��=�α = 0

¤±( , )´Fnþ�SÈ.
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~. �V = R2, éα = (x1, x2), β = (y1, y2), ½Â

(α, β) = x1y1 − x2y1 − x1y2 + 4x2y2

y²( , )´V þ�SÈ.

y². (1) (α, β) = x1y1 − x2y1 − x1y2 + 4x2y2 = (β, α)

(2)

(α + β, γ) = (x1 + y1)z1 − (x2 + y2)z1 − (x1 + y1)z2 + 4(x2 + y2)z2

= x1z1 + y1z1 − x2z1 − y2z1 − x1z2 − y1z2 + 4x2z2 + 4y2z2

= x1z1 − x2z1 − x1z2 + 4x2z2 + y1z1 − y2z1 − y1z2 + 4y2z2

= (α, γ) + (β, γ)

ùpγ = (z1, z2)

(3) (kα, β) = kx1y1 − kx2y1 − kx1y2 + 4kx2y2 = k(x1y1 − x2y1 − x1y2 + 4x2y2) = k(α, β)

(4) (α, α) = x2
1 − 2x1x2 + 4x2

2 = (x1 − x2)
2 + 3x2

2 ≥ 0 ¿�(α, α) = 0��=�x1 = x2 = 0,
=α = 0.
¤±( , )´V þ��SÈ
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~. �V ´«m[0, 1]þ¤kE�ëY¼ê¤�¤��5�m, ½Â

(f(x), g(x)) =

∫ 1

0
f(t)g(t)dt

y²( , )´V þ��SÈ.

y².
(1) (f(x), g(x)) =

∫ 1
0 f(t)g(t)dt =

∫ 1
0 f(t)g(t)dt =

∫ 1
0 f(t)g(t)dt = (β, α)

(2) (f(x) + g(x), h(x)) =
∫ 1

0 (f(t) + g(t))h(t)dt =
∫ 1

0 f(t)h(t)dt +
∫ 1

0 g(t)h(t)dt
= (f(x), h(x)) + (g(x), h(x))

(3) (kf(x), g(x)) =
∫ 1

0 kf(t)g(t)dt = k
∫ 1

0 f(t)g(t)dt = k(f(x), g(x))

(4) (f(x), f(x)) =
∫ 1

0 f(t)f(t)dt =
∫ 1

0 |f(t)|2dt ≥ 0 ¿�
∫ 1

0 |f(t)|2dt = (f(x), f(x)) = 0��
=�|f(x)|2 = 0, =f(x) = 0.
¤±( , )´V þ��SÈ
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½Â. �V ´SÈ�m, �K¢ê
√

(α, α)¡��þα��Ý, P�‖ α ‖. �Ý�1��þ¡
�ü �þ.

½n. �V ´��SÈ�m, Ké?Û�þα, β ∈ V 9êk ∈F, 7k

(1) ‖α‖ ≥ 0, ‖α‖ = 0��=�α = 0;

(2) ‖kα‖ = |k|‖α‖;

(3) |(α, β)| ≤ ‖α‖‖β‖, ��=�α, β�5�'�, �Ò¤á. (�Ü-Ùrä�ÅdÄCauchy-
Ø�ª);

(4) ‖α + β‖ ≤ ‖α‖+ ‖β‖ (n�Ø�ªf).



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

y². (1) dSÈ�½ÂíÑ.

(2) ‖kα‖ =
√

(kα, kα) =
√

kk(α, α) =
√
|k|2

√
(α, α) = |k|‖α‖.

(3) �α, β�5�'�, Ø��α = kβ, K

|(α, β)| = |(kβ, β)| = |k(β, β)| = |k|‖β‖2

,��¡,
‖α‖ · ‖β‖ = ‖kβ‖ · ‖β‖ = |k|‖β‖ · ‖β‖ = |k|‖β‖2

¤±|(α, β)| = ‖α‖ · ‖β‖.

�α, β�5Ã'�, Kéu?¿k ∈F, γ = α + kβ 6= 0, u´

0 < (γ, γ) = (α, α) + k(α, β) + k(β, α) + kk(β, β)

AO�k = −(α,β)
(β,β) �

(α, α)− (α, β)

(β, β)
(α, β)− (α, β)

(β, β)
(β, α) +

(α, β)(α, β)

(β, β)
> 0

=

(α, β)(α, β) < (α, α)(β, β), ½ö|(α, β)| < ‖α‖ · ‖β‖.
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(4)

‖α + β‖2 = (α + β, α + β) = (α, α) + (α, β) + (β, α) + (β, β)

= ‖α‖2 + ‖β‖2 + (α, β) + (α, β)

= ‖α‖2 + ‖β‖2 + 2Re(α, β)

≤ ‖α‖2 + ‖β‖2 + 2|(α, β)|
≤ ‖α‖2 + ‖β‖2 + 2‖α‖ · ‖β‖
= (‖α‖+ ‖β‖)2

¤±

‖α + β‖ ≤ ‖α‖+ ‖β‖.

íØ. �V �SÈ�m, Ké?Ûα, β ∈ V ,

‖α‖ − ‖β‖ ≤ ‖α− β‖.

y²: ‖α− β‖+ ‖β‖ ≥ ‖(α− β) + β‖ = ‖α‖, ¤±‖α‖ − ‖β‖ ≤ ‖α− β‖.
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`². XJα 6= 0, K�þ 1
‖α‖α ´ü �þ.

éuα = (x1, x2, · · · , xn), β = (y1, y2, · · · , yn), du(α, β) =
∑n

i=1 xiyi´Fnþ�IOSÈ, ¤

±·�ke¡Ø�ª

|
n∑

i=1

xiyi| ≤

√√√√ n∑
i=1

|xi|2 ·

√√√√ n∑
i=1

|yi|2

éuα = (x1, x2), β = (y1, y2), du(α, β) = x1y1 − x2y1 − x1y2 + 4x2y2´R2þ�SÈ, ¤±

·�ke¡Ø�ª

|x1y1 − x2y1 − x1y2 + 4x2y2| ≤
√

(x1 − x2)2 + 3x2
2 ·

√
(y1 − y2)2 + 3y2

2

du(f(x), g(x)) =
∫ 1

0 f(x)g(x)dx´4«m[0, 1]þëY¢¼ê|¤��5�mþ�SÈ, ¤

±·�ke¡Ø�ª∣∣∣∣∫ 1

0
f(x)g(x)dx

∣∣∣∣ ≤
√∫ 1

0
|f(x)|2dx ·

√∫ 1

0
|g(x)|2dx.
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½Â. �V ´î¼�m, éu?Û�"�þα, β ∈ V , ½Â�þα, βm�Y�θ�:

cos θ =
(α, β)

‖α‖ · ‖β‖

5¿. 3j�mf¥, �,�k�Ü-Ùr�ÅÄØ�ª, �´Ï�(α, β)��´Eê, ¤±

Ã{^�Ü-Ùr�ÅÄØ�ª½Â�þ�Y�. Ï�{u¼ê�´¢ê.

½Â. 3SÈ�mV ¥, XJü�þα, β�SÈ(α, β) = 0, K¡α, β��(½R�), P�α ⊥
β.

5¿. 3j�mf¥, �,vk�þ�Y�, �´E,k���Vg.
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½n. XJα, β��, K

‖α + β‖2 = ‖α‖2 + ‖β‖2

y².
‖α + β‖2 = ‖α‖2 + ‖β‖2 + 2Re(α, β)

du(α, β) = 0, ¤±‖α + β‖2 = ‖α‖2 + ‖β‖2

½n. XJα1, α2, · · · , αmüü��, K

‖α1 + α2 + · · ·+ αm‖2 = ‖α1‖2 + ‖α2‖2 + · · ·+ ‖αm‖2.

y². ^êÆ8B{y², �ÓÆ��¤.

öS. SK9.1:2(3),3,6,7,8.
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