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§8.2 λ-Ý
�{ª½n

½n. �

M(λ) = M0λ
m + M1λ

m−1 + · · ·+ Mm−1λ + Mm

´��mg�n�λ-�
, A´��n�êiÝ
, K�3��n�λ-�
Ql(λ) (½Qr(λ))Ú
���êiÝ
Rl(½Rr), ¦�

M(λ) = (λE − A)Ql(λ) + Rl Ú M(λ) = Qr(λ)(λE − A) + Rr

¿�
Rl = Ml(A) Ú Rr = Mr(A)

Ù¥

Ml(A) = AmM0 + Am−1M1 + · · ·+ AMm−1 + Mm

Mr(A) = M0A
m + M1A

m−1 + · · ·+ Mm−1A + Mm

¡Ql(λ)�Rl� ±λE − A� ØM(λ)� � û � � {, Ó � ¡Qr(λ)�Rr� ±λE − Am
ØM(λ)�mû�m{.
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y². ·��?Ø���/, éum��/�ÓÆ��¤.

(� 3 5)éM(λ)� g ê ? 1 ê Æ 8 B, �M(λ)� g ê �0�, KM(λ)´ ê i Ý 
, u
´M(λ) = (λE − A)0 + M(λ), ¤±�3�û0��{M(λ).

�M(λ)�gê�m�, du

M(λ)− (λE − A)λm−1M0
= λm−1(M1 + AM0) + λm−1M2 + · · ·+ λMm−1 + Mm

´��gêØ�Lm− 1g�λ-Ý
, ¤±�â8Bb��3�ûN(λ)Ú�{R¦�

M(λ)− (λE − A)λm−1M0 = (λE − A)N(λ) + R

u´

M(λ) = (λE − A)(λm−1M0 + N(λ)) + R

Ïd�ûQl(λ) = λm−1M0 + N(λ)Ú�{Rl = R��3.

(��5) XJ�kM(λ) = (λE − A)G(λ) + S, K

(λE − A)(G(λ)−Ql(λ)) = Rl − S

'��ªü>λ�gê, =�G(λ) = Ql(λ)ÚS = Rl. ¤±Ql(λ)�Rl´���.
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�

Ql(λ) = λm−1N0 + λm−2N1 + · · ·+ λNm−2 + Nm−1

Ù¥N0 6= 0. K

(λE − A)Ql(λ) + Rl

= λmN0 + λm−1(N1 − AN0) + λm−2(N2 − AN1) + · · ·
+λ(Nm−1 + ANm−2) + (Rl − ANm−1)

du§�uM(λ), '�λ�Óg��Xê, �

M0 = N0
M1 = N1 − AN0
M2 = N2 − AN1
· · · · · ·
Mm−2 = Nm−2 − ANm−3
Mm−1 = Nm−1 − ANm−2
Mm = Rl − ANm−1

òþ¡�1��ªf�¦Am, 1��ªf�¦Am−1 , 1n�ªf�¦Am−2, · · · , 1m − 1
�ªf�¦A2, 1m�ªf�¦A , ����ªf�¦E , ,�ÚÚ\å5, Ò��

AmM0 + Am−1M1 + Am−2M2 + · · ·+ A2Mm−2 + AMm−1 + Mm = Rl

=Rl = Ml(A).
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íØ. [Hamilton-Cayley ½n] �∆A(λ) = |λE − A|´A�A�õ�ª, K∆A(A) = 0.

y². �M(λ) = ∆A(λ)E, w,M(λ)´��λ-Ý
, XJ

∆A(λ) = λn + c1λ
n−1 + · · ·+ cn−1λ + cn

K

M(λ) = ∆A(λ)E = Eλn + c1Eλn−1 + · · ·+ cn−1Eλ + cnE

�(λE − A)∗´A�Ý
(λE − A)���Ý
, §´��λ-Ý
, K

M(λ) = ∆A(λ)E = |λE − A|E = (λE − A)(λE − A)∗ = (λE − A)(λE − A)∗ + 0

ù`², ^(λE − A)��ØM(λ)��{Rl�". u´

0 = Rl = Ml(A) = ∆A(A)
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½n. A ∼ B�¿©7�^�λE − A ↔ λE −B.
y². (7�5) duA ∼ B, ¤±�3�_Ý
P , ¦�B = P−1AP , u´

P−1(λE − A)P = λE −B

duP�±g,/w��_λ-Ý
, ¤±

λE − A ↔ λE −B.
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(¿©5) XJλE − A ↔ λE −B, K�3�_λ-Ý
M(λ), N(λ), ¦

(λE − A) = M(λ)(λE −B)N(λ)


M(λ)�_, M(λ)−1��λ-Ý
, u´

M(λ)−1(λE − A) = (λE −B)N(λ) (1)

-
M(λ)−1 = (λE −B)Q(λ) + R, N(λ) = Q1(λ)(λE − A) + R1

�\ª(1), z{��

(λE −B)(Q(λ)−Q1(λ))(λE − A)
= (λE −B)R1 −R(λE − A)
= λ(R1 −R) + RA−BR1

'��ªü>λ�gê�: Q(λ) = Q1(λ), R = R1ÚRA = BR1 = BR, u´

R(λE − A) = (λE −B)R (2)
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-
M(λ) = (λE − A)Q2(λ) + R2

u´

E = M(λ)−1M(λ)

= [(λE −B)Q(λ) + R][(λE − A)Q2(λ) + R2]

= (λE −B)[Q(λ)(λE − A)Q2(λ) + Q(λ)R2]

+ R(λE − A)Q2(λ) + RR2

r(2)�\þª, �

E = (λE −B)[Q(λ)(λE − A)Q2(λ) + Q(λ)R2 + RQ2(λ)] + RR2

'��ªü>λ�gê, �

E = RR2

=R�_, u´

A = R−1BR

=A ∼ B.

íØ. A ∼ B�¿©7�^�´(λE − A)�(λE −B)k�Ó�ØCÏf|.
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5¿. ±�, ·�rA�Ý
λE − A�ØCÏf, �¡�êiÝ
A�ØCÏf

`². Ï�A�Ý
λE −A�1�ª|λE −A|´A�A�õ�ª, §o´���"õ�ª,
¤±λ-
λE − A©ª´÷�Ý
, Ïd�§�d�IO/¥, vk"ØCÏf, duØCÏ

f´Ä1õ�ª, �di(λ)|di+1(λ), ¤±§�IO/�

λE − A ↔



1
. . .

1
d1(λ)

. . .
ds(λ)


Ù¥s ≤ n �di(λ)|di+1(λ), (i = 1, 2, · · · , s− 1.).
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éu�½�mgõ�ª

g(λ) = λm + a1λ
m−1 + a2λ

m−2 + · · ·+ am−1λ + am

½Âm��
R(g)�

R(g) :=


0 0 0 · · · 0 −am

1 0 0 · · · 0 −am−1
0 1 0 · · · 0 −am−2
... ... ... · · · ... ...
0 0 0 · · · 1 −a1

 (3)

¡R(g)�g(λ)�l
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du

|λE −R(g)| =

∣∣∣∣∣∣∣∣∣∣
λ 0 0 · · · 0 am

−1 λ 0 · · · 0 am−1
0 −1 λ · · · 0 am−2
... ... ... · · · ... ...
0 0 0 · · · −1 λ + a1

∣∣∣∣∣∣∣∣∣∣
= λm + a1λ

m−1 + a2λ
m−2 + · · ·+ am−1λ + am


�k��m− 1�fª ∣∣∣∣∣∣∣∣
−1 λ · · · 0
0 −1 · · · 0
... ... . . . ...
0 0 · · · −1

∣∣∣∣∣∣∣∣ = (−1)m−1

¤±m��
R(g)�ØCÏf´

1, 1, · · · , 1︸ ︷︷ ︸
m−1�

, g(λ).
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��, XJÝ
A�ØCÏf|�;

1, 1, · · · , 1, d1(λ), · · · , ds(λ)

K·���EÝ


R =


R(d1)

R(d2)
. . .

R(ds)

 (4)

Ù¥R(di)´õ�ªdi(λ)�l
(i = 1, 2, · · · , s).
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du

λE −R =

 λE −R(d1)
. . .

λE −R(ds)



↔



 1
. . .

d1(λ)


. . .  1

. . .
ds(λ)





↔



1
1

. . .
d1(λ)

. . .
ds(λ)


¤±Ý
R�Ý
Ak�ÓØCÏf|, ÏdA ∼ R, ·�¡(4)�Ñ�Ý
R´A�knI
O/.
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~. ¦

A =

 4 6 0
−3 −5 0
−3 −6 1


�knIO/

). Ï�

λE − A ↔

 1
λ− 1

(λ− 1)(λ + 2)


¤±A�ØCÏf|´: 1; d1(λ) = λ− 1; d2(λ) = λ2 + λ− 2. ù�,

R(d1) = (1), R(d2) =

(
0 2
1 −1

)
¤±A�quknIO/

R =

 1
0 2
1 −1


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íØ. [Frobenius½n] �ê�Fþn��
A�ØCÏf|�: 1, · · · , 1, d1(λ), · · · , ds(λ),
KA���õ�ªmA(λ) = ds(λ).

y². duA�q�IO/R = diag{R(d1), · · · , R(ds)}, ¤±mA(λ) = mR(λ), éui =
1, 2, · · · , s, dudi(λ)´R(di)�A�õ�ª, 
�di(λ)|di+1(λ), ¤±

ds(R) = diag{ds(R(d1)), · · · , ds(R(ds))} = diag{0, · · · ,0} = 0

�

ds(λ) = λm + a1λ
m−1 + a2λ

m−2 + · · ·+ am−1λ + am

K

R(ds) =


0 0 0 · · · 0 −am

1 0 0 · · · 0 −am−1
0 1 0 · · · 0 −am−2
... ... ... · · · ... ...
0 0 0 · · · 1 −a1


�e1, · · · , es´Fm�IOÄ, KR(ds)e1 = e2, R(ds)

2e1 = R(ds)e2 = e3, · · · , R(ds)
m−1e1 =

R(ds)
m−2e2 = · · · = R(ds)em−1 = em, ddíÑE, R(ds), R(ds)

2, · · · , R(ds)
m−1

�5Ã', ¤

±éugê�u�um − 1�õ�ªf(λ)Ñkf(R(ds)) 6= 0, l
f(R) 6= 0. ÏdmA(λ) =
mR(λ) = ds(λ).

öS. SK8.2:2,3,4.


