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1lÙλ-Ý

§8.1λ-Ý
9ÙIO/

½Â.�fij(λ) ∈ F[λ], (i = 1, 2, · · · , m; j = 1, 2, · · · , n).KÝ

f11(λ) f12(λ) · · · f1n(λ)
f21(λ) f22(λ) · · · f2n(λ)
· · · · · · · · ·

fm1(λ) fm2(λ) · · · fmn(λ)

.


¡�ê�Fþ�λ-Ý
, {¡�λ-Ý
P�A(λ)m×n½ö(fij(λ))m×n, {P�A(λ)½
ö(fij(λ)).�

t := max{deg(fij(λ))|i = 1, 2, · · · , m; j = 1, 2, · · · , n}
¡t�λ-Ý
(fij(λ))�gê.

5¿. êiÝ
´gê�"�λ-Ý
.êiÝ
A�A�Ý
λE−A´gê�1�λ-Ý
.
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·K. �A(λ)�gê�m�λ-Ý
.K

A(λ) = A0λ
m + · · ·+ Am−1λ + Am,

Ù¥Ai�êiÝ
, i = 0, 1, · · · , m.

y². �±éA(λ)�gê?1êÆ8By²,·�òy²�[!3�ÓÆ�5�¤.

~. �

A(λ) =


λ2 + 3λ + 1 λ3 + λ 2

λ + 2 λ + 1 λ2 − 4
3 2λ2 3λ2

λ + 2 4λ 3


K

A(λ) =


0 1 0
0 0 0
0 0 0
0 0 0

 λ3 +


1 0 0
0 0 1
0 2 3
0 0 0

 λ2 +


3 1 0
1 1 0
0 0 0
1 4 0

 λ +


1 0 2
2 1 −4
3 0 0
2 0 3


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½Â. �λ-Ý
A(λ) = (aij(λ))m×n, B(λ) = (bij(λ))m×n,XJ

aij(λ) = bij(λ), (i = 1, 2, · · · , m; j = 1, 2, · · · , n)

K¡A(λ)�B(λ)��,P�A(λ) = B(λ).

�λ-Ý
A(λ) = (aij(λ))m×n, B(λ) = (bij(λ))m×n,-

cij(λ) := aij(λ) + bij(λ), (i = 1, 2, · · · , m; j = 1, 2, · · · , n)

Kλ-Ý
C(λ) = (cij(λ))m×n¡�A(λ)�B(λ)�Ú,P�A(λ) + B(λ).

�λ-Ý
A(λ) = (aij(λ))m×n, B(λ) = (bij(λ))n×s,-

cij(λ) :=
n∑

k=1

aik(λ)bkj(λ), (i = 1, 2, · · · , m; j = 1, 2, · · · , n)

Kλ-Ý
C(λ) = (cij(λ))m×n¡�A(λ)�B(λ)�¦,P�A(λ)B(λ).

5¿. λ-Ý
���,�\,�¦�½Â�êiÝ
��,�\,�¦�½Â´�Ó�.¿�
duõ�ª$�(\{Ú¦{)�êi�$�(\{Ú¦{)kÓ��5Æ,¤±λ-Ý
�$�
�êiÝ
�$�kÓ��5Æ.
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�êiÝ
���±½Âλ-Ý
�1�ª,fª�Vg.

½Â. m × n�λ-Ý
A(λ)¥Ø�u"�fª����êr¡�A(λ)��. XJA(λ)vk
Ø�u"õ�ª�fª,K¡A(λ)���".

�â½Â����

1. A(λ)m×n��≤ min{m, n}

2. A(λ)��= 0��=�A(λ) = 0

½Â. e¡n«C��λ-Ý
�Ð�1(�)C�:

1.��λ-Ý
�ü1(�)

2.^��"�~êc�¦λ-Ý
�,�1(�)

3. λ-Ý
�,�1(�)�f(λ)�\�,�1(�)þ�.

Ð�1C�ÚÐ��C�Ú¡Ð�C�.
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e¡��
¡�Ð��


Pij =



1
...

1
0 1

1
...

1
1 0

1
...

1



i

j

Pi(k) =



1
...

1
k

1
...

1


i P (i(f(λ)), j) =



1
...

1
...

f(λ) 1
...

1


i

j
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·K. éλ-Ý
A(λ)?11(�)Ð�C��u^�A�Ð�Ý
�¦(m¦)A(λ).

½Â. �A(λ)�n�λ-�
,XJ�3n�λ-�
B(λ)¦�

A(λ)B(λ) = B(λ)A(λ) = E

K¡A(λ)��_�λ-Ý
,¡B(λ)�A(λ)�_


5¿. XJA(λ)�_,KA(λ)�_
��,·�ò§P�A−1(λ).
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½n. A(λ)�_�¿©7�^�|A(λ)|���"~ê.

y². (7�5)�A(λ)�_, K�3B(λ), ¦A(λ)B(λ) = E, u´|A(λ)||B(λ)| = 1,
Ï|A(λ)|�|B(λ)|þ�λ-�õ�ª,§��gê�Ú�0,=|A(λ)|��"~ê.

(¿©5)XJ|A(λ)| = c ∈ F, c 6= 0.-A∗(λ)�A(λ)���Ý
,duA∗(λ)´n�λ-Ý
,

(
1

c
A∗(λ))A(λ) = A(λ)(

1

c
A∗(λ)) = E

¤±A(λ)�_.

íØ. Ð��
´�_�.

y². du|Pij| = −1,¤±Pij�_.
du|P (i(k))| = k,¤±P (i(k))�_.
du|P (i(f(λ)), j)| = 1¤±P (i(f(λ)), j)�_.

öS. SK8.1:1(2)(4)
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½Â. XJm×n�λ-Ý
B(λ)�dm×n�λ-Ý
A(λ)²k�g1½��Ð�C���,
K¡A(λ)�B(λ)�d.P�A(λ) ↔ B(λ).

·K. λ-Ý
��d´�«�d'X,=÷v

1.g�5: A(λ) ↔ A(λ);

2.é¡5: XJA(λ) ↔ B(λ),KB(λ) ↔ A(λ);

3.D45: XJA(λ) ↔ B(λ), B(λ) ↔ C(λ),KA(λ) ↔ C(λ).

y². (3�ÓÆ��¤)
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½Â. �A(λ)���r,éu��êk, 1 ≤ k ≤ r, A(λ)¥¤kk�fª�Ä�X�1��p
úÏª¡�A(λ)�k�1�ªÏf,P�Dk(λ),�k > r�,5½Dk(λ) = 0

½n. �d�λ-Ý
���1�ªÏf�Ó.AO,�d�λ-Ý
����Ó.

y². ·��y²1�Ð�C�,éu��Ð�C��±Ó�?Ø(�ÓÆ��¤).�A(λ)
²L�g1�Ð�C��B(λ), Dk(λ)�Dk(λ)©O�A(λ)�B(λ)�k�1�ªÏf,e¡
`²Dk(λ) = Dk(λ).

1). XJA(λ)²1�a1Ð�C�
�B(λ), KB(λ) = P (i, j)A(λ), u´, B(λ)�z�
�k�fª�A(λ)�,�k�fª��½ö�Ò,Ïd, Dk(λ)|Dk(λ).

2).XJA(λ)²1�a1Ð�C�
�B(λ),KB(λ) = P (i(c))A(λ),u´, B(λ)�?�k�
fª�A(λ)�,�k�fª��½�����"�~êÏf,Ïd, Dk(λ)|Dk(λ).

3).XJA(λ)²1na1Ð�C�
�B(λ),KB(λ) = P (i, f(λ)j)A(λ). u´, B(λ)¥Ø¹
1i1½öÓ�¹i1�1j1@
k�fªÑ�uA(λ)¥éA�k�fª,
B(λ)¥¹1i1
Ø¹1j1�fª,K�r§z�A(λ)���k�fª�A(λ)�,��k�fª�±f(λ)�
�Ú,Ï
Dk(λ)|Dk(λ).

Ï�Ð�C�Ñ´�_�,¤±Ó��±y²Dk(λ)|Dk(λ). duDk(λ)ÚDk(λ)Ñ´Ä�X
ê�1.¤±Dk(λ) = Dk(λ).

y3�A(λ)�B(λ)��©O´r1Úr2. �k > r1�, Dk(λ) = 0,u´Dk(λ) = 0,=B(λ)�¤
kk�fªÑ�",¤±r2 ≤ r1.Ó��±y²r1 ≤ r1,u´r1 = r2.
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Ún. �λ-Ý
A(λ)��þ���a11(λ) 6= 0, ¿�A(λ)¥��k����ØU�§Ø
¦, @"�½�±é����A(λ) �d�λ-Ý
, §��þ����Ø�", �´gê
'a11(λ)�gê$.

y². �âA(λ)¥ØU�a11(λ)Ø¦���¤3� �,©n«�/5?Ø.

1)XJ3A(λ)�1��¥k����ai1(λ)ØU�a11(λ)Ø¦,=k

ai1(λ) = a11(λ)q(λ) + r(λ)

Ù¥{ªr(λ) 6= 0�gê'a11(λ)�gê$.

éA(λ)�e�Ð�C�

A(λ) =


a11(λ) · · · · · ·

... ...
ai1(λ) · · · · · ·
· · · · · ·

 ri−q(λ)r1−→


a11(λ) · · · · · ·

... ...
r(λ) · · · · · ·
· · · · · ·


r1↔ri−→


r(λ) · · · · · ·

... ...
a11(λ) · · · · · ·
· · · · · ·

 = B(λ)

B(λ)��þ���r(λ)ÎÜÚn��¦,�B(λ)=�¤¦�λ-Ý
.
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2)3A(λ)�1�1¥k����a1j(λ)ØU�a11(λ)Ø¦,ù«�/�y²�(1)aq.

3) A(λ)�1�1�1��¥���Ñ�±�a11(λ)Ø¦,�A(λ)¥k,����aij(λ)((i >
1, j > 1)ØU�a11(λ)Ø¦.·��ai1(λ) = a11(λ)ϕ(λ),éA(λ)�e�Ð�C�

A(λ) =


a11(λ) · · · a1j(λ) · · ·

... ...
ai1(λ) · · · aij(λ) · · ·
· · · · · ·

 ri−ϕ(λ)r1−→


a11(λ) · · · a1j(λ) · · ·

... ...
0 · · · aij(λ)− a1j(λ)ϕ(λ) · · ·
· · · · · ·

 r1+ri−→


a11(λ) · · · aij(λ) + (1− ϕ(λ))a1j(λ) · · ·

... ...
0 · · · aij(λ)− a1j(λ)ϕ(λ) · · ·
· · · · · ·

 = A1(λ)

Ý
A1(λ)�1�1¥k����aij(λ) + (1 − ϕ(λ))a1j(λ)ØU��þ���a11(λ)Ø¦,
ùÒz�®²y²
��/(2).
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½n. �A(λ)´����r�m× n,KA(λ)�du��äke¡/G�λ-Ý
(
Λ 0
0 0

)
ùp

Λ =


d1(λ) 0 · · · 0

0 d2(λ) · · · 0
... ... ... ...
0 0 · · · dr(λ)



�di(λ)´Ä�Xê�1�õ�ª, i = 1, 2, · · · , r,÷vdi(λ)|di+1(λ),i = 1, 2, · · · , r − 1.
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y². ��,K½nw,¤á. e¡b�A(λ) 6= 0,¿�éA(λ)�1êm?18B.�m =
1�,K

A(λ) = (a1(λ), a2(λ), · · · , an(λ))

duA(λ) 6= 0, ¤±·��±��A(λ)���±b�a1(λ) 6= 0, XJa1(λ)|ai(λ), i =
2, 3, · · · , nØ¤á,K�3λ-Ý


A(1)(λ) = (a
(1)
1 (λ), a

(1)
2 (λ), · · · , a(1)

n (λ))

¦�A(λ)�A(1)(λ)�d¿�0 ≤ deg(a
(1)
1 (λ)) < deg(a1(λ)) XJa

(1)
1 (λ)|a(1)

i (λ), i =
2, 3, · · · , nØ¤á,K�3λ-Ý


A(2)(λ) = (a
(2)
1 (λ), a

(2)
2 (λ), · · · , a(2)

n (λ))

¦�A(1)(λ)�A(2)(λ)�d¿�0 ≤ deg(a
(2)
1 (λ)) < deg(a

(1)
1 (λ)). XJa

(2)
1 (λ)|a(2)

i (λ), i =
2, 3, · · · , nØ¤á,K��A(3),ù���e�,dudeg(a1(λ))´k��,¤±�½�3s¦
�λ-Ý


A(s)(λ) = (a
(s)
1 (λ), a

(s)
2 (λ), · · · , a(s)

n (λ))

�A(λ)�d¿�a
(s)
1 (λ)|a(s)

i (λ), i = 2, 3, · · · , n.u´A(λ)�d

(a
(s)
1 (λ), 0, · · · , 0)

½n¤á
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éu���λ-Ý
A(λ) = (aij(λ))m×n, duA(λ) 6= 0, ¤±�±²L1���, �±¦
�a11(λ) 6= 0,XJa11(λ)ØUØ¦A(λ)��Ü��,K�3A(1)(λ) = (a

(1)
ij (λ))m×n�A(λ)�

d¿�

0 ≤ deg(a
(1)
11 (λ)) < deg(a11(λ))

XJa
(1)
11 (λ)ØUØ¦A(1)(λ)��Ü��,K�3A(2)(λ) = (a

(2)
ij (λ))m×n�A(1)(λ)�d¿�

0 ≤ deg(a
(2)
11 (λ)) < deg(a

(1)
11 (λ))

XJa
(2)
11 (λ)ØUØ¦A(2)(λ)��Ü��,K�3A(3)(λ) = (a

(3)
ij (λ))m×n�A(2)(λ)�d¿�

0 ≤ deg(a
(3)
11 (λ)) < deg(a

(2)
11 (λ))

ù���e�, dudeg(a11(λ))´��k�ê, ¤±�½�3s¦�A(s)(λ) =

(a
(s)
ij (λ))m×n�A(λ)�d¿�a

(s)
11 (λ)Ø¦A(s)(λ)��Ü��,u´A(λ)�d(

a
(s)
11 (λ) 0
0 B(λ)

)

�a

(s)
11 (λ)Ø¦B(λ)��Ü��
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duB(λ)´m− 1× n− 1,¤±d8Bb�B(λ)�d

C(λ) =

(
Λ1 0
0 0

)
,ùpΛ1 =

 d2(λ) · · · 0
... ... ...
0 · · · dr(λ)



 �di(λ)|di+1(λ), i = 2, · · · , r − 1. d uB(λ)�C(λ)� d, ¤ ± � 3 � _λ-Ý

P (λ)ÚQ(λ)¦�

C(λ) = P (λ)B(λ)Q(λ)

-P (λ) = (pij(λ)), B(λ) = (bij(λ)), Q(λ) = (qij(λ)),K

di−1(λ) =
n−1∑
l=1

m−1∑
k=1

pik(λ)bkl(λ)qli(λ) i = 3, · · · , r + 1

dua
(s)
11 (λ)Ø¦B(λ)��Ü��, ¤±a

(s)
11 (λ)|di(λ), i = 2, · · · , r. -d1(λ) = a

(s)
11 (λ),

KA(λ)�du (
Λ 0
0 0

)



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

½Â. XJm× n�λ-Ý
A(λ)�duλ-Ý


D(λ) =

(
Λ 0
0 0

)
,ùpΛ =


d1(λ) 0 · · · 0

0 d2(λ) · · · 0
... ... ... ...
0 0 · · · dr(λ)


¿�di(λ)´Ä�Xê�1�õ�ª, i = 1, 2, · · · , r,÷vdi(λ)|di+1(λ),i = 1, 2, · · · , r − 1. K
K¡D(λ)�A(λ)���IO/, d1(λ), · · · , dr(λ)¡�A(λ)�ØCÏf.

Ún. �

D(λ) =

(
Λ 0
0 0

)
,ùpΛ =


d1(λ) 0 · · · 0

0 d2(λ) · · · 0
... ... ... ...
0 0 · · · dr(λ)


�λ-Ý
A(λ)���IO/,KA(λ)�k�1�ªÏf

Dk(λ) = d1(λ)d2(λ) · · · dk(λ), 1 ≤ k ≤ r.
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y². duA(λ)�k�1�ÏfDk(λ)�uλ-Ý
D(λ)�k�1�ªÏf, 1 ≤ k ≤ r. qÏ
3D(λ)¥Ø�0�k�fª�kk�Ìfª,Ï
D(λ)�Ø�0�k�fª�u

di1(λ)di2(λ) · · · dik(λ)

Ù¥1 ≤ i1 < i2 < · · · < ik ≤ r.dudi(λ)|di+1(λ),u´

Dk(λ) = d1(λ)d2(λ) · · · dk(λ) k = 1, 2, · · · , r.

½n. λ-Ý
�IO/��.

y². �λ-Ý
A(λ)kü�IO/

D(i)(λ) =

(
Λ(i) 0
0 0

)
,ùpΛ(i) =


d

(i)
1 (λ) 0 · · · 0

0 d
(i)
2 (λ) · · · 0

... ... ... ...

0 0 · · · d
(i)
ri (λ)

 , i = 1, 2

du�dØUCλ-Ý
��Ú1�ªÏf,¤±r1 = r2 = r¿�

d
(1)
1 (λ)d

(1)
2 (λ) · · · d(1)

k (λ) = d
(2)
1 (λ)d

(2)
2 (λ) · · · d(2)

k (λ), k = 1, 2, · · · , r

u´D(1)(λ) = D(2)(λ).
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½n. �A(λ), B(λ)þ�m×n�λ-Ý
,KA(λ) ↔ B(λ)�¿©7�^�A(λ)�B(λ)��
�1�ªÏf��,½A(λ)�B(λ)�ØCÏf���Ó.

y². A(λ) ↔ B(λ)��=�§�k�Ó�IO/�Ó,��=�§����1�ªÏf
�Ó,��=�§��ØCÏf���Ó.

½n. n�λ−�
A(λ)�_�¿©7�^�´A(λ) ↔ E

y². (7�5)A(λ)�_,K|A(λ)| = c,Ù¥c���"~ê,u´

Dn(λ) = 1

duDi(λ)|Di+1(λ), (i = 1, 2, · · · , n − 1),¤±D1(λ) = D2(λ) = · · · = Dn(λ) = 1,ddí
ÑA(λ)�ØCÏfd1(λ) = d2(λ) = · · · = dn(λ) = 1.=A(λ) ↔ E.

(¿©5)�A(λ) ↔ E,K�3Ð�
P1(λ),· · · ,Ps(λ); Q1(λ), · · · , Qt(λ),¦�

Ps(λ) · · ·P1(λ)A(λ)Q1(λ) · · ·Qt(λ) = E,

¤±,
|Ps(λ) · · ·P1(λ)||A(λ)||Q1(λ) · · ·Qt(λ)| = |E| = 1,

Ï
|A(λ)| = c��"~ê,=A(λ)�_.
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íØ. A(λ)�_�¿©7�^�A(λ)´Ð��
�¦È.

y². A(λ)�_¿�^�A(λ) ↔ E, ù�du�3Ð�
P1(λ),· · · ,Ps(λ); Q1(λ), · · · ,
Qt(λ),¦�

A(λ) = Ps(λ) · · ·P1(λ)EQ1(λ) · · ·Qt(λ)

= Ps(λ) · · ·P1(λ)Q1(λ) · · ·Qt(λ)

íØ. �A(λ)�B(λ)þ�m × n�λ-Ý
, KA(λ) ↔ B(λ)¿©7�^�´�3m��
_λ-�
P (λ)Ún��_λ−�
Q(λ),¦�

P (λ)A(λ)Q(λ) = B(λ).

y². ù�íØ�y²3�ÓÆ�¤.
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~. ^Ð�C�zλ−Ý


A(λ) =

 1− λ λ2 λ
λ λ −λ

1 + λ2 λ2 −λ2


�IO/.

).  1− λ λ2 λ
λ λ −λ

1 + λ2 λ2 −λ2

 c3+c1−→

 1− λ λ2 1
λ λ 0

1 + λ2 λ2 1


c1↔c3−→

 1 λ2 1− λ
0 λ λ
1 λ2 1 + λ2

 r3−r1−→

 1 λ2 1− λ
0 λ λ
0 0 λ(λ + 1)


c2−λ2c1−→

c3−(1−λ)c1

 1 0 0
0 λ λ
0 0 λ(λ + 1)

 c3−c2−→

 1 0 0
0 λ o
0 0 λ(λ + 1)


=�A(λ)�IO/.
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~. ¦λ-Ý


J(λ) =


λ− a −1

λ− a −1
· · · · · ·

λ− a −1
λ− a


n×n

�IO/.
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). Ï�J(λ)�n�1�ªÏfDn(λ) = (λ− a)n,qN´wÑ,�KJ(λ)�1���1n1
�¤��n− 1�1�ª� ∣∣∣∣∣∣∣∣

−1
λ− a −1

... ...
λ− a −1

∣∣∣∣∣∣∣∣ = (−1)n−1

Ï�Dn−1(λ)|Dn(λ),¤±Dn−1(λ) = 1,l


D1(λ) = D2(λ) = · · · = Dn−1(λ) = 1, Dn(λ) = (λ− a)n

�J(λ)�ØCÏf�
1, 1, · · · , 1︸ ︷︷ ︸

n−1�

, (λ− a)n

¤±

J(λ) ↔


1

...
1

(λ− a)n


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~. ¦λ-Ý


A(λ) =

 λ + 1 λ + 2 0
0 λ + 3 λ
0 0 λ− 1


�IO/.
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). A(λ)�n�1�ªÏf

D3(λ) = |A(λ)| = (λ2 − 1)(λ + 3).

duD2(λ)|D3(λ),¤±D2(λ)�U�(λ2 − 1)(λ + 3)�Ïf,N´wÑ,�KA(λ)�1���
1n1�¤����1�ª� ∣∣∣∣ λ + 2 0

λ + 3 λ

∣∣∣∣ = λ(λ + 2)

¤±D2(λ)7�(λ2 − 1)(λ + 3)�λ(λ + 2)�Ïf,Ï


D2(λ) = 1, D1(λ) = 1

�A(λ)�ØCÏf�
1, 1, (λ2 − 1)(λ + 3)

�

A(λ) ↔

 1
1

(λ2 − 1)(λ + 3)


öS. SK8.1:1(3)(4), 2(2)(6)


